Abstract. We determine the second, third, and fourth cohomology groups of Alexander f -quandles of the form F q [T, S]/(T − ω, S − β), where F q denotes the finite field of order q, ω ∈ F q \ {0, 1}, and β ∈ F q .
Definition 2.1. ([6, Definition 2.1]) An f -quandle is a set X equipped with a binary operation * : X × X → X and a map f : X → X satisfying the following conditions:
For each x ∈ X, the identity (2.1)
holds. For any x, y ∈ X, there exists a unique z ∈ X such that (2.2) z * y = f (x).
(2.3) (x * y) * f (z) = (x * z) * (y * z)
We denote f -quandle by (X, * , f ).
Any Z[ω ± , β]-module M is an f -quandle with x * y = ω · x + β · y for x, y ∈ M with ωβ = βω, and we call it an Alexander f -quandle ([6, Example 2.1 item (4)]).
Remark 2.2. When f is the identity map and β = 1 − ω above, then (X, * ) is a quandle and (M, * ) is an Alexander quandle as usual. Let (X, * , f ) be a f -quandle, f be a quandle morphism and A be an abelian group.The following family of operators δ n : C n (X) → C n+1 (X) defines a cohomology complex C * (X, * , f, A). where [x 1 , x 2 , x 3 , x 4 , . . . , x n ] = ((. . . (x 1 * x 2 ) * f (x 3 )) * f 2 (x 4 )) * . . . ) * f n−2 (x n ). Note that for i < n, we have As in the standard quandle cohomology theory, the degenerate subcomplex is given by C D n = {(x 1 , x 2 , ....., x n ) ∈ X n ; x i = x i+1 for i ≥ 2}. A similar degenerate subcomplex appeared in [19] under the name of late degenerate quandles.
Under the assumption that η = id and τ = 0, we can re-write the cohomology complex in Theorem 2.3 as follows.
We will reformulate the f -quandle cohomology for convenient of calculations.
Then (2.4) becomes
The following formula is a generalization of [20, Eq. (3) ] when η = id and τ = 0 with
(2.6)
The 2-cocycles
In this section, we investigate the 2-cocycles. Precisely we provide basis of the second cohomology H 2 Q ((X, * , f ); F q ). 
Then it follows from (2.5) and (2.6) that
Then we have from (3.1)
Since ω p t +p s = 1 and (ω + β) p t +p s = 1, the right hand side of (3.2) is 0. This completes the proof. Theorem 3.2. Fix ω, β ∈ F q with ω = 0, 1. Let X be the corresponding Alexander f -quandle on F q . Then the set
provides a basis of the second cohomology H 2 Q ((X, * , f ); F q ). Example 3.3. Let p be an odd prime and v, u be non-negative integers. Let ω = −1 and β = 2. Then we have ω p v +p u = 1 and (ω + β) p v +p u = 1. Hence, the set defined in Theorem 3.2 provides a basis for 2-cocycles.
Let ω be a primitive element of F 4 . Then the order of ω is 3. Let β = ω 2 . Note that ω 2 = ω + 1 and ω 2 is also a primitive element of F 4 since it is a conjugate of ω with respect to F 2 . We have
2 } provides a basis of the second cohomology H 2 Q ((X, * , f ); F 4 ).
The 3-cocycles
In this section we give basis for the cohomology group H 3 Q ((X, * , f ); F q ). For positive integers a and b, let
and define
. Then we have the following proposition.
which implies
, from (2.6) and (4.1) we have
Since ω a+p s = 1 and (ω +β) a+p s = 1, the right hand side of (4.3) is 0. This completes the proof.
Remark 4.2. Moreover, Ψ, defined above, is a coboundary; see [13] .
Then we have
Hence we have the following proposition.
Proof.
Let a = p s−1 and b = p h . Then from equation (4.4) we have
Since ω p s +p h = 1 and (ω + β) p s +p h = 1, the right hand side of (4.5) is 0. This completes the proof.
Also, define
Then we have the following propositon. Proof. Note that
We have
Let a = p t and b = p s−1 . Then from (4.6) we have
p s +p t = 1, straightforward computation yields that the right hand side of (4.7) is 0. This completes the proof.
Let p be a prime, and v, u, and t be non-negative integers. Define
Proof. We first prove (1).
Since ω p v +p u +p t = 1 and (ω + β) p v +p u +p t = 1, the right hand side of (4.8) is 0. In (2), by taking p t as 0 in (4.8), and with ω p v +p u = 1 and (ω + β) p v +p u = 1, it can be shown in a similar manner that
As in [13, 16] , let Q be the set of all tuples (p v , p u , p t , p s ) where p is a prime, such that v < t, u < s, u ≤ t and ω p v +p t = ω p u +p s = (ω + β) p v +p t = (ω + β) p u +p s = 1, and one of the following conditions hold. Case I. ω
p u when p = 2. Moreover, if p = 2, we need u < t as well. For each (p v , p u , p t , p s ) ∈ Q , we denote a cocycle by Γ.
Then we have the following proposition discussing case I. ω
(4.10)
Then we have the following proposition discussing case II, ω p v +p u = 1, (ω + β) p v +p u = 1 and t > s.
Then we have the following proposition discussing case III, ω p v +p u = 1, (ω + β) p v +p u = 1, t = s and p = 2. In [21] , it is shown we can present this case as follows:
Proof. The proof is similar to that of Proposition 4.6.
Then we have the following proposition discussing cases IV and V, ω
In [21] , it is shown we can present this case as follows:
Theorem 4.10. Fix ω, β ∈ F q with ω = 0, ±1. Let X be the corresponding Alexander
provides a basis of the third cohomology H 3 Q ((X, * , f ); F q ). Example 4.11. Let p be an odd prime and v, u and t be non-negative integers. Let ω = −1 and β = 2. Hence, ω p v +p u +p t = 1 and (ω + β) p v +p u +p t = 1. The we have the following.
(
Therefore,
is a basis for the cohomology group H 3 Q ((X, * , f ); F q ). Remark 4.12. Example 4.11 shows that when β = 1 − ω, the basis for the cohomology group H 3 Q ((X, * , f ); F q ) above is the same as the basis for the cohomology group 
Let ω be a primitive element of F 8 . Then the order of ω is 7. Let β = ω 2 2 . Note that ω 2 2 = ω 3 + ω and ω 2 2 is also a primitive element of F 8 since it is a conjugate of ω with respect to F 2 . We have
The 4-cocycles
In this section, we give some propositions showing some particular polynomials are 4-cocycles. The main theorem gives basis for the cohomology group H 4 Q ((X, * , f ); F q ) under the condition that the group H 2 Q ((X, * , f ); F q ) is trivial. Proof. Since ω p v +p u +p t +p s = 1 and (ω + β) p v +p u +p t +p s = 1, the right hand side of (5.1) is 0. This completes the proof.
We recall χ(x, y) = Since ω p u+1 +p t +p s = 1 and (ω + β) p u+1 +p t +p s = 1, the right hand side of (5.2) is 0. This completes the proof.
